The build up of the stress whose relaxation is presumed to account for pulsar frequency glitches can be attributed to various mechanisms, of which the most efficient involve differential rotation of the neutron superfluid in the inner layers of the (magnetically braked) solid crust of a rotating neutron star. In such a case it is usually supposed that the stress is attributable to pinning of superfluid vortices to crust nuclei. It was however suggested a few years ago that, even if the pinning effect is too weak, a comparably large stress can still arise just from the deficit of centrifugal buoyancy in the slowed down crust. The previous analysis of this effect was based on a simple description in terms of two (crustal and neutron superfluid) constituents that were supposed to be dynamically independent. However it has recently been shown that it is more realistic to suppose that the constituents will be mutually coupled by a strong (non dissipative) entrainment effect, whose consequences are the subject of the present investigation. It is shown here that allowance for this entrainment reduces the estimated values of the angular velocity differences, thus requiring upward revision of estimated moment of inertia of superfluid involved in observed pulsar gliches. However the entrainment does not substantially affect the previous conclusion that stresses due to a centrifugal buoyancy deficit can be comparable in magnitude (though opposite in sign) to those produced by pinning. An implication is that the glitch phenomenon will be able to occur under very general circumstances, as witnessed by recent observations of large glitches in anomalous X ray pulsars.
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Introduction
Explanations of the glitches of the pulsar period P = 2π/Ω observed in rotating neutron stars may be broadly classified into two main categories. In what may be described as the "deformation" category, the discontinuous spin up δΩ is attributed to a sudden change of the geometric configuration of the matter distribution [1] , whereby the relevant moment of inertia is decreased so that -for a given angular momentum -the angular velocity Ω must increase. While conceivably sufficient to account for cases such as the glitches of order δΩ/Ω ≃ 10 −8 observed in the Crab pulsar, such a deformation mechanism is inadequate for explaining the frequent occurrence of the larger gliches δΩ/Ω ≃ 10 −6 observed in Vela like pulsars, not to mention the enormous glitch δΩ/Ω ≃ 1.6 × 10 −5 recently observed in PSR J1806-2125 [2] . To account for the frequent occurence of such large glitches, it has long been generally recognised [3] to be necessary to invoke a mechanism belonging to what may be referred to as the "transfer" category, involving interaction between two dynamically distinct constituents of the star. In such a case the discontinuous increase in the observed angular velocity Ω is attributed to transfer of angular momentum from a m ore rapidly rotating internal constituent to a more slowly rotating constituent that is directly coupled to the outer magnetosphere whose pulsations are directly observed.
It has long been well known that in such a twoconstituent treatment it will be necessary in principle to allow for the possibility of what is known as entrainment, meaning the phenomenon whereby the momentum of one part depends not just on its own velocity but also on that of the other part. However it has usually been supposed that this effect will in practice be small enough to be treated as a correction that can be ignored in rough rough empirical estimates of orders of magnitude (which are the most that can be obtained from the limited available data) of relevant quantities such as the separate moments of inertia of the two constituents. The purpose of the present work is to investigate the extent to which such estimates will need to be revised in view of the recent realisation [4, 5, 6, 7] that (although it still appears that it will be quite moderate in the liquid core) the entrainment effect on "dripped" neutrons in a neutron star crust -the part most relevant for the glitch phenomenon -is likely to be very much larger than previously supposed.
All the glitch mechanisms that are usually envisaged depend on a requirement that the relevant part of the star be characterised by effective solidity. In the mechanisms of the deformation category that were originally considered it was supposed that part of the star would have a crystalline lattice structure, a condition that (in the moderate temperature range involved) will undoubtably be satisfied in the relatively well understood crust region of the neutron star (constituting only a small fraction of its mass but a much larger fraction of its moment of inertia). Such a solidity condition may also be satisfied in the deep interior, where more or less exotic possibilities (such that of hyperon crystallisation [8] , or of a LOFF phase in a color superconducting quark condensate [9] ) have been envisaged. Mechanisms of the transfer category require that there should also exist a superfluid constituent that can move freely past the lattice structure of the part that is externally coupled, a condition that is generally recognised to be satisfied in the inner crust layers where unbound neutrons are subject to a simple BCS type pairing mechanism, as well as in deeper layers where more exotic mechanisms are likely to be involved.
The present article is concerned with mechanisms of the transfer category, which can be broadly classified into three distinct subcategories that may be labelled respectively as "strong pinning", "weak pinning", and "no pinning". In the first two cases, it is supposed that during the intervals of continuous evolution between glitches, the quantised vortices of the rotating superfluid constituent are attached to the lattice of the externally coupled constituent, which -due to its slowed down rotation rate -is thereby subject to a build up of stress that is then discontinuously relaxed by the glitch mechanism. In the "strong pinning" case [10] it is supposed that the glitch occurs only when the stress is strong enough to break the solid structure (so that it jumps away from the axis) whereas in the "weak pinning" case [11, 12, 13, 14] it is supposed that the glitch occurs at an earlier stage, when the stress becomes sufficient to overcome the pinning forces while leaving the solid structure intact, resulting in a catastrophic unpinning of vortices.
These mechanisms however rely on poorly known physics. How strong is the pinning of superfluid vortices remains a highly controversial issue. Observational evidence of free precession in some glitching pulsars, such as Vela, seems to imply very weak pinning [15] . It has even been suggested that vortices may not pin at all [13, 14, 16] . Besides, catastrophic unpinning of vortices implies some correlation between the amplitude of a glitch and the time elapsed between two glitches, which is not observed. This suggests that glitches are local phenomenae [17] , thereby providing evidence in favor of the starquake model of Ruderman et al. [18] , in which the source of stress in the crust is provided by the interactions between superfluid vortices and magnetic flux tubes in the core (assuming a type II superconductor). However this latter model, which predicts that long period pulsars should have a very low glitch activity, is inconsistent with the two large Vela type glitches recently discovered in the anomalous X ray pulsar 1RXS J1708-4009 within less than two years [19, 20, 21] . Morii et al. [22] have also recently reported some observational evidence for a large glitch in the anomalous X ray pulsar 4U 0142+61. Anomalous X ray pulsars (AXP) are hot young neutron stars with very large periods of several seconds. These pulsars are presumably magnetars, i.e. strongly magnetized neutron stars. The characteristic age, τ c ≡ P /2Ṗ ∼ 10 4 yrs , of the pulsar 1RXS
J1708-4009 is of the same order of magnitude as that of Vela, but its period, P ≃ 11 s , is about a thousand times larger. Besides the standard picture of neutron star cores as type II superconductors seems to be inconsistent with the observations of long period (of the order of a year) precession [23] .
The third possible kind of transfer mechanism, which was not pointed out until relatively recently [24] , is that of the "no pinning" subcategory. In a scenario of the "no pinning" kind, the externally coupled constituent will be subject -due to its slowed down rotation rate -to a build up of stress resulting from the ensuing deficit of centrifugal buoyancy, until (as in the "strong pinning" case) the occurrence of a discontinuous glitch involving the breakdown of the solid structure (which then jumps, not away from the rotation axis, but towards it).
In the first exploratory investigation of the comparative effectiveness of these opposite alternative -strong pinning or no pinning -possibilities, it was suggested [24] that although the directions of the material movement would be contrary, the relevant orders of magnitude would be roughly comparable. That preliminary conclusion was based on a highly simplified analysis depending on various questionable assumptions, of which one of the most notable was the negligibility of the effect of mutual entrainment between the two constituents involved. The purpose of the present work is to provide an improved analysis by dropping that particular restriction, whose importance was underestimated. Earlier work [25] on the liquid core just inside the crust of a neutron star (as well as more recent work [26] on deeper layers) indi-cated that the effect of entrainment there would at most be moderate, meaning the effective neutron mass would be of the same order of magnitude as its ordinary rest mass m . However a recent program of work [4, 5, 6] (using a microphysical analysis combining methods from nuclear and solid state physics) on the relative motion of unbound neutrons in the inner crust layers (between the neutron drip density about 10 11 g/cm 3 and ordinary nuclear density about 10 14 g/cm 3 ) has provided results [7] indicating that the effect of entrainment is likely to be very much stronger than had previously been supposed, meaning that there will be layers in which the effective mass m ⋆ of a neutron may become extremely large -by a factor of order ten -compared with m .
Two fluid model of neutron star crust
The previous treatment referred to above [24] used a non relativistic Newtonian description in terms of free neutron and confined baryon 4-currents n ν f and n ν c respectively representing a neutron superfluid and a normal crust component (consisting of positive ions in a degenerate electron sea) that were treated as decoupled but interpenetrating perfect fluids interacting only via vortex pinning and long range gravitational forces, with the solid rigidity of the crust component taken into account by the inclusion of an extra stress force density. One of the improvements needed for a more accurate analysis would of course be the use of a general relativistic treatment, of the kind that has long been commonly used with a simple perfect fluid description, and that has recently been developed for use with a two constituent fluid description of the kind needed here [27, 28] However for the semilocal modelisation needed for the treatment of differential rotation in the crust layers with which we shall be concerned here, it would appear that corrections from general relativity will be much less important (at most a few tens of per cent) than those due to the entrainment effect discussed in the introduction (several hundred percent or more).
As in the preceding work [24] , we shall therefore procede here within a non relativistic Newtonian treatment, but instead of using a decoupled perfect fluid description we shall now include allowance for the effect of entrainment, using a non-dissipative two constituent description of the generic kind already developed for use in the liquid core [29, 30] where the entrainment corrections are relatively moderate, though still potentially important as a cause for two-stream instability [31] if the relative velocity becomes too large.
Although our treatment is non-relativistic, it will be convenient to start off using a 4-dimensionally covariant formalism of the kind recently developed [32, 33] for the purpose of facilitating the exploitation of the variational formulation that is applicable to the nondissipative limit. In this limit there is no resistance to relative motion, so that the only direct coupling between the two constituents is via the (non dissipative) entrainment effect [34] , whose microscopic origin is the Bragg scattering of dripped neutrons by crustal nuclei [4] which is the analog in the nuclear context of conduction electron scattering in ordinary solids.
It is convenient to use a chemical constituent label X that runs over two values, namely X = f for the superfluid constituent and X = c for the crust constituent.
Each constituent will have a baryon current density 4-vector having the form
in which the scalars n X are the respective number den- = n X , while the space components are the those of the current density 3-vector n i X . We shall take the mass per baryon to be the same (considering the electron mass and the proton neutron mass difference to be negligible compared with the ordinary proton mass) with fixed value m c = m f = m , so that the corresponding contributions to the total mass density, ρ ≡ X ρ X will be given by ρ X = mn X . This total mass density, as given explicitly by ρ = m(n c + n f )
, is important as the Poissonian source of the Newtonian gravitational potential scalar, φ . Within this Newtonian background field, the dynamics of the 2 constituent medium will be governed -in the manner described in our preceding work [32, 33] -by a Lagrangian master function Λ that is an appropriately defined function of the scalar field φ and of the pair of 4-currents n ν X .
A technical advantage of this approach (which was originally inspired by the formally simpler relativistic theory [27] ) is that it leads naturally to the introduction of the corresponding 4-momentum covectors, π X ν , which are defined as the partial derivatives of the master function with respect to the current, as given by the formula
for a generic variation in a fixed gravitational background φ . These momenta will be given in terms of corresponding material 4-momentum covectors µ X ν , as specifiable locally (independently of the globally determined gravitational field φ ) by
Each of these 4-momentum covectors will have a time component that is decomposible into a chemical part χ X 0
(interpretable as the negative of the corresponding chemical potential) and a kinetic part according to the prescription in the form
while the corresponding space components will be given (in contravariant form) by expressions of the form
in which, from the recently evaluated [6, 7] effective mass m f ⋆ = m ⋆ of the unbound neutrons, the corresponding (density dependent) value for the effective mass m c ⋆ for the confined baryons will be obtainable from the relation
The main physical innovation in the present work is that it allows for the recently recognised likelihood of having m ⋆ ≫ m in the relevant inner crust layers, whereas in the preceding treatment [24] it was supposed that the fractional difference (m ⋆ − m)/m would be small so that it would be justifiable to set m ⋆ = m (and thus to treat the two constituents as being decoupled) as a first approximation that seemed reasonable at the time but is not so credible now. The extra technical effort needed to allow for this previously underestimated entrainment effect is facilitated by the main mathematical innovation in this work which is the use of the relevant 4-momentum covectors, whose utility was suggested by experience in a relativistic context but was not recognised in earlier work on entrainment in a Newtonian framework [29] . By exterior differentiation, these 4-momentum covectors can be used to define corresponding spacetime vorticity 2-forms
in terms of which the relevant dynamical equations can be formulated in a particularly elegant and convenient form, starting from the expressions for the corresponding variationally defined 4-force density covectors which will be given [32] by
The strict application of the variational principle would require these force densities to vanish. However we also wish to consider scenarios involving slow "secular" evolution of the star, during which the long term effect of rather feeble torque forces of external (magnetic) origin leads to the build up of chemical forces (as a result of transfusive exchange of matter between the free and confined states) and possibly much stronger forces due to vortex pinning and elastic stress resulting from deformation of the solid lattice structure.
The Galilean (and more generally Milne) invariance of the variational principle is satisfied provided the total baryon number current is conserved, which means that we shall have
However each current need not be separately conserved. The relative densities of free and confined baryons will be adjusted by transfusive exchange whose tendency will be to reduce the chemical potential difference, ∆ χ say, between the two constituents, as measured in the relevant "normal" (non superfluid) rest frame, namely that of the ionic lattice with unit velocity 4-vector u ν c , which means that it will be given by
In the limit for which the secular evolution timescale is extremely long, the usual (short-timescale) condition of separate conservation of free and confined baryons will need to be replaced by the chemical equilibrium condition to the effect that the difference (11) should vanish.
However this quantity ∆ χ may retain a small but finite residual value in cases for which the external force is not so small, as is likely to be the case in younger pulsars.
Even in the presence of elasticity and pinning forces built up under the influence of external torque, the system must not only obey the law of total baryon conservation but will also have to respect the condition of superfluidity of the free neutron constituent. At a mesoscopic level -meaning lengthscales large compared with the ionic separation but small compared with the distance between the quantised vortices -the superfluid will be irrotational in the sense of having a 4-momentum covector π f ν proportional to the gradient of a phase field ϕ so that it exterior derivative, namely the vorticity 2-form ̟ f µν will vanish. However we are concerned here with the macroscopic level -meaning lengthscales large compared with the intervortex separation -at which there will be a non-vanishing vorticity 2-form, and a corresponding spacelike vorticity vector
representing the mean density of circulation around the quantised vortices. The superfluidity property does however entail an algebraic restriction to the effect that we must have
a condition need not be satisfied for a more general fluid motion (such as would be possible for the free neutrons in a very young neutron star that has not yet dropped below the temperature of the BCS pairing transition). This restriction expresses the requirement that, instead of having matrix rank 4 as in the normal case, the antisymmetric (so necessarily even ranked) vorticity tensor ̟ f µν should have its rank reduced to 2 in the superfluid case, a condition that is mathematically necessary for it to be tangential to a set of 2-surfaces which in this instance are swept out by the quantised vortex lines. This implies the existence of vorticity transport 4-vector field which does not fix it completely but evidently allows a freedom of adjustment by addition of a spacelike vector field aligned with the direction of the vortex lines as given by w ν . It can be seen from (9) that in the force free case with the further condition that ∇ ν n ν f vanishes, the vorticity transport vector can be taken to be the ordinary flow 4-vector, i.e. we can take
On the other hand in the case of pinning it is the flow vector of the ionic lattice that will play this role as a generator of the vorticity 2-surfaces, so that (15) will need to be replaced by the condition
which will generically entail the involvement of a nonvanishing force density that will be attributable to the Magnus effect as discussed in the appendix.
3 Axisymmetry, circularity, and the lag formula
As in the preceding work [24] on this problem, we now restrict our attention to configurations that are axisymmetric in the sense of being invariant with respect to the action of an axisymmetry generator h ν of the usual kind, meaning one that is spacelike, h 0 = 0 , with space components h i given in terms of the unit vector ν i along the relevant symetry axis, with respect to Cartesian coordinates r i centered on the axis, by an expression of the form h i = ε ijk ν j r k . This means that this symmetry generator will have a scalar magnitude h that can be interpreted as a cylindrical radial coordinate (such as was denoted by ̟ in the preceding work [24] ) so that it will be given in terms of the relevant angle of latitude θ by h = r cos θ .
Invariance of a field with respect to such an action is expressible in any (Cartesian other) coordinate system as the vanishing of its Lie derivative with respect to the generator. In the particular case of the superfluid 4-momentum covector π f ν the axisymmetry condition will therefore be expressible as
In terms of the angular momentum per free particle, as defined by
the preceding axisymmetry condition can evidently be rewritten as
We can use this in conjunction with (14) to obtain a generalised Bernoulli type [33] conservation law to the effect that this superfluid angular momentum scalar ℓ will be conserved along the vortex flux trajectories:
We are concerned here with configurations that differ only very slightly from a state of circularity, meaning a state in which the 3-velocities are all aligned with the axisymmetry generator h i , so that we can write
where Ω X is the relevant angular velocity, and the residual non circular velocity contribution v i X ⊥ is supposed to be very small except perhaps in very brief intervals during a glitch. The non circular part, if any, will evidently make no contribution to the superfluid angular momentum scalar, which, according to (6) will be given simply by
Since the axisymmetry evidently implies h i ∇ i ℓ = 0
, the conservation law (20) can be rewritten as a slow variation rule of the forṁ
with the usual convention that a dot denotes partial differentiation with respect to time at a fixed space position.
In the rotating neutron star configurations under consideration it will be justifiable to use a small perturbation approximation, not just for the non-circular velocity contributions, but also for deviations of the circular part from rigid rotation with a uniform fixed angular velocity value,Ω say. This means that for each constituent we can write
where, like v i w⊥ the deviation ∆Ω X is to be considered as relatively small. It follows that to first perturbative order we can rewrite the slow variation law (23) aṡ
Using square brackets for differences between the constituents according to the convention
we can write (25) more explicitly as
It follows that, after a finite time interval during which the vortices have undergone a small cylindrical radial displacement, ∆h say, the ensuing (local) change in the angular frequency lag will be given in terms of the corresponding (uniform) change ∆Ω in the observable rotation frequency, namely that of the solid constituent Ω = Ω c by the remarkably simple formula
In the case of pinning to an absolutely rigid solid the displacement ∆h would of course vanish. However as the crustal rigidity modulus is expected [10] to be rather low (the solid structure is effectively "squashy") and since the vortices can creep by either thermal [37] or quantum fluctuations [38] , the contribution from the displacement term in (28) is likely to be significant in practise.
Simplified global model
For the purpose of drawing conclusions from available empirical data such as that of Lyne et al. [41] , rather than with the locally well defined but observationally inaccessible quantities involved in a formula such as (28) , it can be more instructive in practice to work with corresponding crudely defined averages, using a total angular momentum decomposition of the form
with the respective confined and free parts given, in an approximation taking Ω f to be roughly uniform, as Ω c (= Ω) must be in any case, by
in terms of coefficients that combine to give the respective moments of inertia of the confined and free parts in the form
In accordance with (5) and (6) the separate coefficients will be given, in terms of the cylindrical radius h, as the volume integrals
while, in view of the equivalence (7) , the entrainment coefficient will be given by
so the subtotals will be given by expressions of the familiar form
which combine to give the complete stellar moment of inertia as
In a simplified treatment it may be supposed that these moment of inertia coefficients remain constant (i.e. that the effects of a conceivable radial displacement ∆h in (28) can be ignored) and that the superfluid contribution to the angular momentum is conserved during the interglitch period, ∆J f ≃ 0 , which by (30) evidently implies
It may also be supposed that the total angular momentum variation is negligible, δJ = 0 during the very short time interval in which the star undergoes a discontinuous glitch transformation involving an angular momentum transfer given by δJ f ≃ −δJ c so that the corresponding angular velocity discontinuities will be related by
To avoid a long term build up of too large a deviation of the superfluid angular velocity Ω f from the externally observable value, Ω c = Ω , the averages over many glitches of their total (continuous plus discontinuous) change per glitch should be the same,
a condition that is equivalently expessible using the notation of (26) as
The immediately preceding relations can be used to rewrite this condition in the form 
in which, according to the recent work [7] referred to above, the ratiom ⋆ /m is likely to be substantially larger than unity, which leads to a correspondingly augmented estimate,
Deviations from chemical equilibrium
In the very long run, in an absolutely stationary state, the relative numbers of free and confined baryons would adjust themselves so as to attain chemical equilibrium (with respect to the rest frame of the crust) as characterised by the condition
by interactions involving weak beta decay type processes whereby bound neutrons are transformed into protons or vice versa as necessary. It is to be remarked that this equilibrium condition (58) does not depend on the choice of chemical gauge, unlike the general, out of equilibrium value of the chemical potential of the "confined" baryons (which is affected by the choice of chemical gauge in the sense that it depends on whether the "confined" baryons are defined to consist just of protons or for example, more usefully for the present purpose, of protons together with an equal number of paired neutrons).
Although very large values of the chemical imbalance ∆ χ can not be sustained for long, nevertheless, in view of the weak nature of the necessary beta reactions, it is not clear that the presence of small but not entirely negligible values of ∆ χ can be excluded in a realistic treatment of the kinds of pulsar under consideration, in which since they are not exactly stationary, various sources of disequilibrium may be active. Possible mechanisms for disequilibrium include changes of pressure due to accretion or of tidal forces from a companion source, while even in an isolated star there will be the compression of matter due to decreasing centrifugal force as a result of spin-down by magnetic braking [35] .
Although they would be much more rapid at the higher temperatures expected in very young neutron stars, the relevant beta reaction timescale may be slow even compared with the secular evolution time of months or years between successive glitches in mature neutrons stars whose temperatures have cooled to the range T < 10 9 K . in which crust solidification takes place. Indeed the relaxation time τ for non superfluid neutron star core of a mixture of neutrons, protons and electrons can be estimated to be about τ ∼ 20 T −4 9 s for direct URCA processes and τ ∼ T −6 9 months for modified URCA processes where T 9 ≡ T /10 9 K [36] . It can also be shown that these relaxation times are strongly increased by the presence of superfluidity [39, 40] . 
is applicable, then the stress force formula (53) for the unpinned case will simplify to the form
involving just the buoyancy contribution, while the corresponding formula (56) for the pinned case will simplify to the form
involving just the well known Joukowsky contribution due to the Magnus effect.
Conclusions
The preceding formulae for the stress due to the central buoyancy deficit in the unpinned case (53) or (60) , and due to the Magnus effect in the pinned case (56) or (61) can be seen to have just the same form as was obtained without taking account of entrainment by the earlier analysis [24] in which it was first shown that, as can be seen here from (57) , deficit of centrifugal buoyancy gives rise to a stress of opposite sign but of the same order of magnitude as that of the Joukowsky force in the pinned case, wherever there are comparable densities of free and confined neutrons. Near the neutron drip transition region of the inner crust, where most of the neutrons are confined, n f ≪ n c , the buoyancy force is expected to be very large compared to the corresponding Joukowsky force in the pinned case, while this is the opposite situation in the deeper layers. Although the dependence of the stress on the relevant angular velocity difference is thus seen to be the same as in the absence of entrainment, the actual values of these quantities will be strongly affected. It was seen in the earlier section that, according to (28) , the angular velocity difference associated with an observable velocity decrement is likely to be much smaller than in the absence of entrainment, which according to (42) there will be a proportional increase in the corresponding estimate for the moment of inertia of the relevant superfluid constituent. The entrainment is also important for other effects such as the two stream instability scenario [31] . Another consequence is that, as shown in equation (73) of the appendix, the entrainment will affect the distribution of neutron superfluid vortices in the crust and should therefore be more carefully considered in glitch models involving vortex pinning to crustal nuclei.
The substantial quantitative modifications arising from entrainment do not, in themselves, provide a solution to the problem that the apparent universality of the glitch phenomenon, as suggested by recent observations of large glitches in the anomalous X ray pulsar 1RXS J1708-4009, is hard to explain in current models which heavily rely on speculative assumptions such as vortex pinning or type II superconductivity [21] . Hovever the centrifugal buoyancy deficit mechanism (as originally proposed a few years ago [24] and reconsidered here with due allowance for entrainment) provides an alternative that can be expected to operate in many contexts(radio pulsars, anomalous X-ray pulsars, soft gamma repeaters, textitetc.) since it only relies on the presence of a solid crust and of a differentially rotating perfect fluid (not necessarily superfluid).
A APPENDIX: Joukowsky-Magnus force density
This appendix provides two alternative derivations of the Joukowsky-Magnus force density exerted on the neutron superfluid by the crust whenever superfluid vortices are pinned to crustal nuclei. The first derivation based on the Joukowsky theorem is less elegant than the second one, but is quite instructive.
A.1 From the Joukowsky theorem
We have previously obtained a general expression for the Joukowsky-Magnus force exerted by a mixture of irrotational perfect fluids on a single perturbing vortex [33] . We shall here consider the specific case of a fluid, with current density n µ , flowing past such a vortex. The force per unit length of the vortex line is given by the formula
in which the "background" antisymmetric measure tensor ⋆ ε µν is defined by
where e µ is the "ether" vector [32] which determines a preferred Aristotelian rest frame such that e 0 = 1 , e i = 0 , and ν µ is a space like Cartan-Killing unit vector [33] along the vortex symmetry axis, while C is the fluid momentum circulation integral defined by
in which the integral is carried out along any closed path surrounding the vortex. 
which takes account of the fact that the mass per superfluid particle is twice the neutron mass, since superfluid particles are Cooper type pairs [5] of neutrons. The resulting Joukowsky force density acting on the vortices will thus be given by
where n V is the surface density of vortices defined by
in which N is the number of vortices and h is the cylindrical radial distance from the rotation axis. Working out the total momentum circulation integral
along a circle of radius h enclosing N vortices, which is merely equal to Nπ , it can be seen by differentiating, using equation (6) , that the vortex surface density will be given by
